Possible embeddings of transversal designs in the classical projective spaces on nite elds are characterized.
sets. A projective subplane of order m (see, for example, 2, 11]) is also an embedded TD(m + 1; m), while an a ne subplane of order m is also an embedded TD(m; m). In a pioneering paper, Ostrom and Sherk 12] examine the existence of an a ne subplane of order 3 in = PG(2; q) whose projective completion is not a (projective) subplane of . They establish that this occurs precisely when q 1 (mod 3). Working in = PG(2; F), with F any division ring, Rigby 13, p. 1006 ] develops an elegant argument to establish that any nite a ne subplane of having order larger than three must have a projective completion which is a subplane of , and so is isomorphic to PG(2; F 0 ) where F 0 is a nite sub eld of F. Subplanes of order three provide a source for embedded transversal designs TD(3; 3). On the other hand, a simple generalization of the projective triangle in PG(2; q), for q odd, yields embedded TD(3; s)s when s is a divisor of q ? 1 (for q even or odd). See Bruen 3], Bruen and Thas 4], and di Paola 9] for information about projective triangles.
Here we go beyond the embedding of subplanes in the classical planes, motivated by potential applications to the construction of MOLS. Accordingly we examine the question: Which ( nite) transversal designs are embedded in the plane PG(2; F) where F is any (commutative) eld, nite or in nite?
We provide a complete answer to this question. Our results extend to the higher dimensional projective spaces PG(e; F), F a eld.
Additive and Multiplicative Structure
We begin with a simple but important fact. 
By the same token, using equation (1) 
The Main Result
We now address the principal question of when a transversal design can be embedded in PG(2; F). 
5 Projective Spaces
Finally we turn our attention to the embedding of a transversal design = TD(m; n) in the projective space = PG(e; F) for e 2. Each group of is contained in a hyperplane of , and each block of is a portion of a line in .
Recall that a pencil of hyperplanes in consists of all of the hyperplanes containing a given subspace of of codimension two. Using the above notation, we obtain the following result, obtained using the same ideas as in Theorem 4.1. 
Concluding Remarks
In the proof of Theorem 4.1, we can think of the group G as a vector space over Z p , since G contains 1. Then the groups of the transversal design are found by selecting elements g 0 2 G with g 0 G = G. When every element in G serves this role, G is a sub eld. In this case, a projective subplane arises. When G is not a sub eld, the theorem admits the case of transversal designs with many groups which are not extendible in the plane to a subplane.
